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NON-COMMUTATIVE CONNECTIONS OF THE SECOND KIND
TOMASZ BRZEZIN´SKI
Abstract. A connection-like objects, termed hom-connections are defined in the
realm of non-commutative geometry. The definition is based on the use of homo-
morphisms rather than tensor products. It is shown that hom-connections arise
naturally from (strong) connections in non-commutative principal bundles. The in-
duction procedure of hom-connections via a map of differential graded algebras or a
differentiable bimodule is described. The curvature for a hom-connection is defined,
and it is shown that flat hom-connections give rise to a chain complex.
1. Introduction
The theory of connections in non-commutative geometry is well-established; see
[5]. One starts with a differential graded algebra ΩA =
⊕
n=0Ω
nA over an algebra
A = Ω0A, and defines a connection in a left A-module M as a linear map ∇0 : M →
Ω1A⊗AM that satisfies the Leibniz rule ∇
0(am) = da⊗Am+ a∇
0(m), for all m ∈ M
and a ∈ A. This is a non-commutative definition obtained by a direct replacement of
commutative algebras (of functions on a manifold X) and their modules of sections (of
a vector bundle overX) in the classical definition of a connection, by non-commutative
algebras and their general (one-sided) modules. This definition captures very well the
classical context in which connections appear and brings it successfully to the realm
of non-commutative geometry.
On the algebraic side, however, this definition of a connection seems to be only a
half of a more general picture. First, a non-commutative connection is defined with
the use of the tensor functor. The tensor functor has a left adjoint, the hom-functor.
It seems therefore natural to ask whether it is possible to introduce connection-like
objects defined with the use of the hom-functor. Second, the vector space dual to M
is a right A-module. A (left) connection in the above sense, does not induce a (right)
connection on the dual of M . In view of the hom-tensor relation (or, equivalently,
the adjointness properties mentioned earlier) the induced map necessarily involves the
hom-functor.
The aim of this paper is to demonstrate that there is a natural and potentially quite
rich theory of connection-like objects, defined as maps on the spaces of morphisms of
modules. Because of the role played by the spaces of homomorphisms, these objects
are termed hom-connections.
We start by introducing the notion of a hom-connection in Section 2. We then
give the classical geometric interpretation of this notion in terms of vector bundles.
Next we show that every left connection on a bimodule (in the sense of [6]) gives
rise to a hom-connection. This construction then leads to the main non-commutative
geometric example: A strong connection in a non-commutative principal bundle or a
coalgebra-Galois extension yields a hom-connection on the space of equivariant maps
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from the total algebra of the extension to a corepresentation space of the structure
coalgebra. We then study the induction procedure of hom-connections via differen-
tiable bimodules and, as a particular case, via maps of differential graded algebras.
Section 3 is devoted to analysis of hom-connections on higher forms. It is shown that
any hom-connection can be extended to higher forms. The notion of a curvature is
introduced and we show that a consecutive application of hom-connections can always
by expressed in terms of the curvature. This leads to a chain complex associated to a
flat (i.e. curvature-zero) hom-connection. This chain complex and its homology can
be considered as dual complements of the cochain complex associated to a connection
and the twisted cohomology, which play a fundamental role in the theory of non-
commutative differential fibrations [1]. The curvature of a hom-connection induced
by a map of differential graded algebras is shown to be very closely related to the
curvature of the original hom-connection. In particular this induction procedure pre-
serves flatness. Finally we give the interpretation of flat hom-connections with respect
to a semi-free differential algebra as contramodules.
All vector spaces, algebras (always associative and with unit) are over a fixed field
k. The unadorned tensor product is over k. Differential (non-negatively) graded alge-
bras are denoted by ΩA, ΩB, the letter A, respectively B indicating the zero-degree
subalgebra. The n-degree subspace of ΩA is denoted by ΩnA. Degree one differentials
are denoted by d. As is customary, we write da for d(a) with understanding that d is
applied only to the element represented by a letter which immediately follows d.
2. Non-commutative hom-connections
2.1.Definition. Given a differential graded algebra (ΩA, d) over an algebra A, a right
hom-connection is a pair (M,∇0), where M is a right A-module and
∇0 : HomA(Ω
1A,M)→M,
is a k-linear map, such that, for all f ∈ HomA(Ω
1A,M) and a ∈ A,
∇0(fa) = ∇0(f)a+ f(da).
Here HomA(Ω
1A,M) is a right A-module by (fa)(ω) := f(aω), ω ∈ Ω1A.
Since the difference of two maps HomA(Ω
1A,M) → M satisfying conditions of
Definition 2.1 is a right A-module map, for a fixed M , hom-connections are an affine
space over HomA(HomA(Ω
1A,M),M).
2.2. Take a smooth manifold X and a smooth vector bundle E over X . The sections
of any vector bundle over X are a (right) module over the algebra of smooth functions
C∞(X). By the Serre-Swan theorem, there is an isomorphism
HomC∞(X)(Γ(T
∗X),Γ(E)) ≃ VectX(T
∗X,E),
where VectX(T
∗X,E) denotes the space of vector bundle maps T ∗X → E, and Γ(−)
denotes (smooth) sections. VectX(T
∗X,E) is a (right) C∞(X)-module with the fi-
brewise product (VectX(T
∗X,E) can be identified with the module of sections on
the hom-bundle Hom(T ∗X,E) over X). With this identification, a hom-connection
(Γ(E),∇0) corresponds to a map
∇0 : VectX(T
∗X,E)→ Γ(E),
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such that, for all ϕ ∈ VectX(T
∗X,E) and f ∈ C∞(X),
∇0(ϕf) = ∇0(ϕ)f + ϕ ◦ df.
2.3. The difference between hom-connections and connections can be exemplified in
the case when Ω1A is a finitely generated and projective right A-module. In this case,
there are isomorphisms, for any left A-module N ,
Homk(N,Ω
1A⊗AN) ≃ Homk(N, AHom(Ω
1A∗, N)) ≃ AHom(Ω
1A∗,Endk(N)),
where Endk(N) is a left A-module by (ae)(n) := ae(n), for all a ∈ A, n ∈ N
and e ∈ Endk(N). Also, Ω
1A∗ := HomA(Ω
1A,A) is viewed as an A-bimodule by
aξb(ω) = aξ(bω). Under this identification, a connection (in the sense of [5])∇0 : N →
Ω1A⊗AN , corresponds to a collection of k-linear maps {∇
0
ξ : N → N | ξ ∈ Ω
1A∗},
such that, for all a ∈ A and n ∈ N ,
∇0aξ(n) = a∇
0
ξ(n), ∇
0
ξ(an) = ∇
0
ξa(n) + ξ(da)n.
On the other hand, for any right A-module M ,
Homk(HomA(Ω
1A,M),M) ≃ Homk(M⊗AΩ
1A∗,M) ≃ AHom(Ω
1A∗,Endk(M)),
where Endk(M) is a left A-module by (ae)(m) := e(ma), for all a ∈ A, m ∈ M and
e ∈ Endk(M). A hom-connection (M,∇0) corresponds to a collection of k-linear maps
{∇ξ0 : M → M | ξ ∈ Ω
1A∗}, such that, for all a ∈ A and m ∈M ,
∇aξ0 (m) = ∇
ξ
0(ma), ∇
ξa
0 (m) = ∇
ξ
0(m)a+mξ(da).
2.4. In case both A and Ω1A are finite-dimensional, there is a one-to-one correspon-
dence between hom-connections and connections in a comodule of the dual coalgebra
A∗ (cf. [2, Definition 6]).
Asumme that A is a finite-dimensional algebra and denote by C its dual coalgebra,
C = Homk(A, k). Let {a
s ∈ A} be a basis for A and let {cs ∈ C} be the dual basis.
Write L = Homk(Ω
1A, k) for the dual vector space of Ω1A. L is an A-bimodule, with
multiplications given by (alb)(ω) = l(bωa), for all l ∈ L, a, b ∈ A and ω ∈ Ω1A. Since
A is finite-dimensional, L is a C-bicomodule with the left and right coactions
l 7→
∑
s
cs⊗las, l 7→
∑
s
asl⊗cs.
The differential d : A→ Ω1A induces a coderivation on L (cf. [9])
λ : L→ C, l 7→ l ◦ d ,
i.e. λ = Homk(d, k). Let M be a right A-module. Then M is a left C-comodule with
the coaction M̺ : m 7→
∑
s c
s⊗mas. If, in addition, Ω1A is finite dimensional, then
there is an isomorphism of vector spaces
Υ : L✷CM → HomA(Ω
1A,M), Υ
(∑
i
li⊗mi
)
(ω) =
∑
i
li(ω)mi,
where
L✷CM =
{∑
i
li⊗mi ∈ L⊗M |
∑
i,s
asli⊗c
s⊗mi =
∑
i,s
li⊗c
s⊗mia
s
}
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is the cotensor product.
Proposition. Given a finite dimensional algebra A and a finite-dimensional Ω1A,
define C = Homk(A, k), L = Homk(Ω
1A, k) and λ = Homk(d, k). The assignment
∇0 7→ −∇0 ◦Υ,
establishes a bijective correspondence between hom-connections∇0 : HomA(Ω
1A,M)→
M and connections L✷CM → M in a left C-comoduleM (with respect to the coderiva-
tion λ : L→ C).
Proof. First note that, for all
∑
i li⊗mi ∈ L✷CM and a ∈ A,
(2.4.1) Υ
(∑
i
li⊗mi
)
a = Υ
(∑
i
lia⊗mi
)
.
Take a hom-connection ∇0, write ∇¯ := −∇0 ◦Υ, and compute
(
M̺ ◦ ∇¯
)(∑
i
li⊗mi
)
= −
∑
s
cs⊗∇0
(
Υ
(∑
i
li⊗mi
))
as
= −
∑
s
cs⊗∇0
(
Υ
(∑
i
li⊗mi
)
as
)
+
∑
s
cs⊗Υ
(∑
i
li⊗mi
)
(das)
= −
∑
s
cs⊗∇0
(
Υ
(∑
i
lia
s⊗mi
))
+
∑
i,s
cs⊗li(da
s)mi
=
∑
s
cs⊗∇¯
(∑
i
lia
s⊗mi
)
+
∑
i
λ(li)⊗mi,
where the second equality follows by the fact that ∇0 is a hom-connection, while the
third one follows by equation (2.4.1). In the view of the definition of the left C-
coaction on L, this calculation confirms that ∇¯ is a connection in the left C-comodule
(M,M̺).
Let {ωt} be a finite basis of the vector space Ω1A and let {et ∈ L} be its dual basis.
In terms of this basis the inverse of Υ is Υ−1 : f 7→
∑
t e
t⊗f(ωt). Note that, for all
a ∈ A, ω ∈ Ω1A, f ∈ HomA(Ω
1A,M),
f(aω) =
∑
t
et(aω)f(ωt),
i.e.,
(2.4.2) fa =
∑
t
eta⊗f(ωt).
Take a connection ∇¯ : L✷CM → M in the left C-comodule (
M̺,M), and set ∇0 =
∇¯ ◦Υ−1. Since ∇¯ is a connection in a comodule, for all
∑
i li⊗mi ∈ L✷CM ,
∑
s
cs⊗∇¯
(∑
i
li⊗mi
)
as =
∑
s
cs⊗∇¯
(∑
i
lia
s⊗mi
)
+
∑
i
λ(li)⊗mi.
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Evaluating this equality at a ∈ A, one immediately finds
(2.4.3) ∇¯
(∑
i
li⊗mi
)
a = ∇¯
(∑
i
lia⊗mi
)
+
∑
i
li(da)mi.
Combining equations (2.4.2) and (2.4.3) one obtains
∇0(fa) = −∇¯
(∑
t
eta⊗f(ωt)
)
= −∇¯
(∑
t
et⊗f(ωt)
)
a+
∑
t
et(da)f(ωt)
= ∇0(f)a+ f(da).
This proves that (M,∇0) is a hom-connection. ⊔⊓
2.5. Example. Suppose that (Ω1A, d) is an inner first order differential calculus on
A, that is that there is a one-form Ξ ∈ Ω1A such that, for all a ∈ A,
da = aΞ− Ξa.
Then, for any right A-module M ,
∇Ξ0 : HomA(Ω
1A,M)→M, f 7→ f(Ξ),
is a hom-connection.
The universal first order differential calculus onA, i.e. the differential graded algebra
with Ω1A given as the kernel of the multiplication map µ : A⊗A → A and with
d : a 7→ 1⊗a− a⊗1, is inner if and only if A is a separable algebra. This means that
there exists an element ι ∈ A⊗A such that, for all a ∈ A, aι = ιa and µ(ι) = 1; see
e.g. [8, Chapter II§1]. The generating universal one-form is defined by Ξ = ι − 1⊗1.
Thus every module over a separable algebra admits a hom-connection with respect to
the universal differential graded algebra.
2.6. Example. As a very explicit example of a hom-connection, we calculate all hom-
connections on the Laurent polynomial algebra A = C[u, u−1], with respect to the
non-commutative differential calculus Ω1A := duA with the A-bimodule structure
determined by udu = qduu, q ∈ C\{0}. If q 6= 1, the differential calculus Ω1A is inner
with the generating form
Ξ =
1
q − 1
duu−1.
Write f(u) =
∑
n cnu
n for a general element of A, and then, for any γ ∈ C, denote
by f(γu) the polynomial
∑
n cnγ
nun. Take any right A-module M . Then M ≃
HomA(Ω
1A,M), where the element m ∈ M is sent to Rm ∈ HomA(Ω
1A,M) defined
by Rm(duf(u)) = mf(u). Note that f(u)du = duf(qu), hence Rmf(u) = Rmf(qu).
Furthermore
df(u) = du (∂qf(u)) , ∂qf(u) =
f(qu)− f(u)
q − 1
u−1,
(in case q = 1 the Jackson q-derivative ∂q should be replaced by the usual deriv-
ative). With these computations at hand, one easily checks that hom-connections
HomA(Ω
1A,M) → M are in bijective correspondence with C-linear maps ∇0 : M →
M such that, for all m ∈ M , f(u) ∈ A,
∇0(mf(qu)) = ∇0(m)f(u) +m∂qf(u).
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The hom-connection ∇Ξ0 comes out as
∇Ξ0 (m) =
1
q − 1
mu−1, (q 6= 1).
In particular, in the case of a regular A-module M = A hom-connections are in
one-to-one correspondence with elements a of A, by
∇a0(f(u)) = af(q
−1u) + ∂qf(q
−1u).
Note that a = ∇a0(1). The hom-connection ∇
Ξ
0 corresponds to a =
1
q−1
u−1.
2.7. Consider differential graded algebras ΩA and ΩB. There is a procedure of in-
duction of hom-connections with respect to ΩB from hom-connections with respect
to ΩA by a differentiable bimodule, a notion introduced in [1, Definition 2.10] as an
extension of ideas developed in [13, Section 3.6], [10].
A (B,A)-bimodule E with a left connection ∇0 : E → Ω1B⊗BE and a (B,A)-
bimodule map σ : E⊗AΩ
1A→ Ω1B⊗BE is called a differentiable (ΩB,ΩA)-bimodule,
provided that, for all e ∈ E and a ∈ A,
(2.7.4) ∇0(ea) = ∇0(e)a + σ(e⊗Ada).
For all e ∈ E, we write σe for a right A-linear map Ω
1A→ Ω1B⊗BE, ω 7→ σ(e⊗Aω).
Theorem. Let (E,∇0, σ) be a differentiable (ΩB,ΩA)-bimodule. For any hom-
connection ∇0 : HomA(Ω
1A,M)→M , there is a hom-connection (HomA(E,M),∇
E
0 ),
∇E0 : HomB(Ω
1B,HomA(E,M))→ HomA(E,M),
defined by
∇E0 (f)(e) := ∇0(f ◦ σe)− f
(
∇0 (e)
)
,
for all f ∈ HomB(Ω
1B,HomA(E,M)) ≃ HomA(Ω
1B⊗BE,M) and e ∈ E.
Proof. First note that, since σ is defined on the tensor product of A-modules, for
all a ∈ A, (f ◦ σe)a = f ◦ σea. Hence
∇E0 (f)(ea) = ∇0 ((f ◦ σe) a)− f
(
∇0 (ea)
)
= ∇0 (f ◦ σe) a+ (f ◦ σe)(da)− f
(
∇0(e)a
)
− f (σ(e⊗Ada))
= ∇0 (f ◦ σe) a− f
(
∇0(e)
)
a = ∇E0 (f)(e)a,
where the second equality follows by the definition of a hom-connection and by equality
(2.7.4) which is a part of the definition of a differentiable bimodule. The third equality
is a consequence of the right A-linearity of f . This proves that ∇E0 (f) is a right A-
module map, as required.
To check the hom-connection property of ∇E0 , in addition to any f and e, take also
any b ∈ B, observe that the left B-linearity of σ implies that fb ◦ σe = f ◦ σbe, and
compute
∇E0 (fb)(e) = ∇0(fb ◦ σe)− fb
(
∇0 (e)
)
= ∇0(f ◦ σbe)− f
(
b∇0 (e)
)
= ∇0(f ◦ σbe)− f
(
∇0 (be)
)
+ f(db⊗Be) = ∇
E
0 (f)(be) + f(db)(e),
where the penultimate equality follows by the Leibniz rule for the left connection ∇0.
Therefore, ∇E0 is a hom-connection. ⊔⊓
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2.8. A left connection in a bimodule is a special case of the differentiable bimodule
discussed in 2.7. Recall from [6, Section 8] that given an algebra B, a left connection
on an (A,B)-bimodule M is a connection ∇0 : M → Ω1A⊗AM that is a right B-
module map. As a consequence of Theorem 2.7 one obtains
Corollary. Let ∇0 : M → Ω1A⊗AM be a left connection in an (A,B)-bimodule M .
Then, for any right B-module N , the pair (HomB(M,N),∇0), where
∇0 := −HomB(∇
0, N) : HomB(Ω
1A⊗AM,N)→ HomB(M,N),
is a hom-connection.
Proof. Since ∇0 is a right B-module map, (M,∇0, 0) is a differentiable (ΩA,ΩB)-
bimodule, with ΩB = B. The map ∇0 is induced from the zero hom-connection in
M by the procedure described in Theorem 2.7. ⊔⊓
2.9. Example. The left A-module A has a left connection d : A 7→ Ω1A⊗AA ≃ Ω
1A.
Let B be any subalgebra of the constant algebra H0(A) = {a ∈ A | da = 0}. Then
d is a left connection in an (A,B)-bimodule A, hence, for any right B-module N , it
induces a hom-connection in HomB(A,N), ∇0(f)(a) = −f(da). Thus, although A
might not have a hom-connection, its vector space dual always has a hom-connection.
2.10. An example of a hom-connection of more geometric origin comes from the theory
of (strong) connections on non-commutative principal bundles; see e.g. [12], [3], [7].
Let C be a coalgebra and let P be an algebra and a right C-comodule with the
coaction ∆P : P → P⊗C. Define the coinvariant subalgebra of P ,
A := {a ∈ P | ∀p ∈ P, ∆P (ap) = a∆P (p)},
and consider the canonical map
can : P⊗AP → P⊗C, p⊗Aq 7→ p∆P (q).
The algebra inclusion A ⊆ P is called a coalgebra-Galois extension, provided the
canonical map is bijective. A coalgebra-Galois extension is a rudimentary version of
a non-commutative principal bundle; the bijectivity of can represents freeness of the
action of a structure group, represented by C, on the total space of a principal bundle,
represented by P .
A strong connection in a coalgebra-Galois extension is a C-covariant splitting of the
module of universal one-forms on P into horizontal and vertical parts. It is described
equivalently as a k-linear map D : P → (Ω1A)P ≃ Ω1A⊗AP such that
(a) for all a ∈ A and p ∈ P , D(ap) = aD(p) + da⊗Ap,
(b) (id⊗∆P ) ◦D = (D⊗id) ◦∆P .
Here Ω1A denotes the universal differential structure on A (the kernel of the multipli-
cation map). Since P is a right C-comodule, it is a right module for the opposite of
the convolution algebra of C, B = (C∗)op. By the construction of A, the coaction ∆P
is left A-linear, hence P is an (A,B)-bimodule. The condition (a) means that D is a
left connection in P , while condition (b) means that D is right B-linear. In a word:
D is a left bimodule connection in P .
Take a right C-comodule V . The C-coaction canonically induces the rightB-module
structure on V . Furthermore
HomB(P, V ) ≃ Hom
C(P, V ),
8 TOMASZ BRZEZIN´SKI
where the latter denotes the vector space of C-colinear maps P → V . HomC(P, V )
is formally dual to a noncommutative vector bundle with standard fibre V associated
to A ⊆ P (such a bundle is defined as HomC(V, P )). By 2.8, a strong connection D
gives rise to a hom-connection (HomC(P, V ),∇0 = −Hom
C(D, V )).
2.11. A map of differential graded algebras θ : ΩA → ΩB allows one to view both B
and Ω1B as A-bimodules by (the zero degree component of) θ. For any right A-module
M , there are also natural isomorphisms of vector spaces,
HomB(Ω
1B,HomA(B,M)) ≃ HomA(Ω
1B⊗BB,M) ≃ HomA(Ω
1B,M).
Furthermore, B is a differentiable (ΩB,ΩA)-bimodule with the connection b 7→ db
and with the twist map σ : B⊗AΩ
1A → Ω1B⊗BB ≃ Ω
1B, b⊗Aω 7→ bθ(ω); see
[1, Example 2.11]. With this in mind one can state the following consequence of
Theorem 2.7.
Corollary. Given a map θ : ΩA → ΩB of differential graded algebras and a hom-
connection ∇0 : HomA(Ω
1A,M)→M , there is a hom-connection (HomA(B,M),∇
θ
0),
∇θ0 : HomB(Ω
1B,HomA(B,M))→ HomA(B,M),
defined by
∇θ0(f)(b) := ∇0(f ◦ ℓb ◦ θ)− f(db),
for all f ∈ HomB(Ω
1B,HomA(B,M)) ≃ HomA(Ω
1B,M) and b ∈ B. Here ℓb denotes
the left multiplication by b ∈ B, ℓb : Ω
1B → Ω1B, ω 7→ bω.
Proof. One needs only to observe that, for all b ∈ B, σb = ℓb ◦ θ, and then apply
Theorem 2.7 to the differentiable bimodule B. ⊔⊓
3. Curvature and flat hom-connections
3.1. Any hom-connection (M,∇0) can be extended to higher forms by the Leibniz
rule as follows. The vector space
⊕
n=0HomA(Ω
nA,M) is a right module of ΩA with
the multiplication, for all ω ∈ ΩnA, f ∈ HomA(Ω
n+mA,M), ω′ ∈ ΩmA,
fω(ω′) := f(ωω′).
Note that fω ∈ HomA(Ω
mA,M).
For all n, define
∇n : HomA(Ω
n+1A,M)→ HomA(Ω
nA,M),
by
∇n(f)(ω) := ∇0(fω) + (−1)
n+1f(dω),
for all f ∈ HomA(Ω
n+1A,M) and ω ∈ ΩnA. Note that for n = 0 this formula reduces
to the Leibniz rule for ∇0 in Definition 2.1, once HomA(A,M) is canonically identified
with M .
3.2. Lemma. For all n ≥ 0, ω ∈ ΩmA and f ∈ HomA(Ω
m+n+1A,M),
∇n(fω) = ∇m+n(f)ω + (−1)
m+nfdω.
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Proof. For n = 0 this is simply the definition of ∇n in 3.1. For n > 0, take any
ω′ ∈ ΩnA, f ∈ HomA(Ω
m+n+1A,M) and ω ∈ ΩmA. Then, on one hand, the definition
of ∇n yields
∇n(fω)(ω
′) = ∇0(fωω
′) + (−1)n+1(fω)(dω′) = ∇0(fωω
′) + (−1)n+1f(ωdω′).
On the other hand, the definition of ∇m+n and the (graded) Leibniz rule for d imply
that
(∇m+n(f)ω)(ω
′) = ∇m+n(f)(ωω
′)
= ∇0(fωω
′) + (−1)n+1f(ωdω′) + (−1)m+n+1f(dωω′).
Hence, ∇n(fω) = ∇m+n(f)ω + (−1)
m+nfdω, as claimed. ⊔⊓
3.3. Proposition. Let (M,∇0) be a hom-connection. For all n > 0:
(a) ∇n−1 ◦ ∇n is a right A-linear map.
(b) Set F = ∇0 ◦ ∇1, and define
Θn : HomA(Ω
n+1A,M)→ HomA(Ω
n−1A,HomA(Ω
2A,M)),
Θn(f)(ω1)(ω2) = f(ω1ω2).
Then the following diagram
HomA(Ω
n+1A,M)
∇n−1◦∇n
//
Θn **VVV
VVV
VVV
VV
VVV
VV
VV
HomA(Ω
n−1A,M)
HomA(Ω
n−1A,HomA(Ω
2A,M))
HomA(Ω
n−1A,F )
44hhhhhhhhhhhhhhhhhh
commutes.
Proof. (a) The application of Lemma 3.2 yields, for all f ∈ HomA(Ω
n+1A,M) and
a ∈ A,
∇n−1 ◦ ∇n(fa) = ∇n−1(∇n(f)a) + (−1)
n∇n−1(fda)
= ∇n−1(∇n(f))a+ (−1)
n−1∇n(f)da+ (−1)
n∇n−1(fda).
Take any ω ∈ ΩnA and, using the (graded) Leibniz rule for d and the definition of the
∇n, compute
(∇n(f)da−∇n−1(fda)) (ω) = ∇n(f)(daω)−∇0(fdaω)− (−1)
nf(dadω)
= ∇0(fdaω) + (−1)
n+1f(d(daω))−∇0(fdaω)− (−1)
nf(dadω) = 0.
Therefore, ∇n−1 ◦ ∇n(fa) = (∇n−1 ◦ ∇n(f)) a, as required.
(b) For all ω ∈ Ωn−1A and f ∈ HomA(Ω
n+1A,M),
(∇n−1 ◦ ∇n)(f)(ω) = ∇0(∇n(f)ω) + (−1)
n∇n(f)(dω)
= ∇0(∇n(f)ω) + (−1)
n∇0(fdω).
By Lemma 3.2,
∇n(f)ω = ∇1(fω) + (−1)
n−1fdω.
Hence
(∇n−1 ◦ ∇n)(f)(ω) = ∇0 (∇1 (fω)) =
(
HomA(Ω
n−1A, F ) ◦Θn
)
(f)(ω),
as claimed. ⊔⊓
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3.4. Definition. The right A-module map F = ∇0 ◦ ∇1 : HomA(Ω
2A,M) → M is
called a curvature of a hom-connection (M,∇0). A hom-connection (M,∇0) is said
to be flat if its curvature is the zero map.
3.5. Corollary. (a) Any flat hom-connection (M,∇0) gives rise to the chain com-
plex
· · ·
∇2
// HomA(Ω
2A,M)
∇1
// HomA(Ω
1A,M)
∇0
// M.
The homology of this complex is denoted by H∗(A;M,∇∗).
(b) The action of ΩA on
⊕
n=0HomA(Ω
nA,M) described in 3.1 descends to the right
action of the cohomology of ΩA, H∗(A), on H∗(A;M,∇∗)
Proof. Part (a) follows immediately by the commutative diagram in Proposi-
tion 3.3 (b). Assertion (b) is a consequence of Lemma 3.2. ⊔⊓
3.6. Example. Suppose that (Ω1A, d) is an inner first order differential calculus on A
with the generating form Ξ, and take the associated hom-connection (M,∇Ξ0 ) as in
Example 2.5. Then, for all f ∈ HomA(Ω
2A,M) and ω ∈ Ω1A,
∇Ξ1 (f)(ω) = f(dω) +∇
Ξ
0 (fω) = f(dω + ωΞ),
hence the curvature of ∇Ξ0 comes out as
F (f) = f(dΞ + Ξ2).
Thus (M,∇Ξ0 ) is a flat connection, provided dΞ+Ξ
2 = 0. Conversely, ifM cogenerates
Ω2A as a right A-module, then flatness of (M,∇Ξ0 ) implies that dΞ + Ξ
2 = 0.
3.7. In the setup of 2.8, a left connection ∇0 :M → Ω1A⊗AM on an (A,B)-bimodule
is extended to higher forms by the graded Leibniz rule,
∇n : ΩnA⊗AM → Ω
n+1A⊗AM, ω⊗Am 7→ dω⊗Am+ (−1)
nω∇0(m).
The higher forms ∇n of a hom-connection (HomB(M,N),∇0 = −HomB(∇
0, N)) are
related to the ∇n by
∇n = (−1)
n+1HomB(∇
n, N).
Thus the curvature of ∇0 comes out as
F = −HomB(F¯ , N),
where F¯ is the curvature of∇0. Consequently, the hom-connection (HomB(M,N),∇0)
is flat provided ∇0 is a flat connection. If N is an injective B-module, then the ho-
mology H∗(A; HomB(M,N),∇∗) can be computed from the cohomology of the com-
plex H∗(A;M,∇∗) associated to the flat connection ∇n, by applying the functor
HomB(−, N).
A hom-connection associated to a flat strong connection in a coalgebra-Galois ex-
tension in 2.10 is flat.
3.8. In view of 2.11, a map of differential graded algebras can be used to induce hom-
connections. The curvature of the induced hom-connection turns out to be closely
related to the curvature of the original hom-connection.
Proposition. Let θ : ΩA → ΩB be a map of differential graded algebras, and
(HomA(B,M),∇
θ
0) be a hom-connection (with respect to ΩB ) induced from a hom-
connection ∇0 : HomA(Ω
1A,M) → M as in 2.11. Denote by F the curvature of
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∇0, and by F
θ the curvature of ∇θ0. Then, for all f ∈ HomB(Ω
2B,HomA(B,M)) ≃
HomA(Ω
2B,M), and all b ∈ B,
F θ(f)(b) = F (fb ◦ θ).
In particular, if ∇0 is flat, then so is ∇
θ
0.
Proof. Note that, in view of the definition of the action of the differential graded
algebra ΩB on the space
⊕
n=0HomB(Ω
nB,M) (see 3.1), the definition of ∇θ0 in
Corollary 2.11 can be equivalently written as ∇θ0(f)(b) = ∇0(fb ◦ θ) − f(db). The
higher hom-connections ∇θn associated to ∇
θ
0 are defined as in 3.1. This definition of
∇θ1 together with the definition of ∇
θ
0 and with the Leibniz rule for d imply, for all
b ∈ B, ω ∈ Ω1B and f ∈ HomB(Ω
2B,HomA(B,M)) ≃ HomA(Ω
2B,M),
∇θ1(f)(ω)(b) = ∇
θ
0(fω)(b) + f(dω)(b)
= ∇0(fωb ◦ θ)− (fω)(db) + f(dωb)
= ∇0(fωb ◦ θ) + f (d (ωb)) .
Identifying HomB(Ω
2B,HomA(B,M)) with HomA(Ω
2B,M), one thus obtains
(3.8.1) ∇θ1(f)(ω) = ∇0(fω ◦ θ) + f(dω).
Starting with the just derived equality (3.8.1) and then using the fact that θ is a map
of differential graded algebras and the definition of ∇1 in terms of ∇0, one computes,
for all ω ∈ Ω1A and f ∈ HomA(Ω
2B,M),
∇θ1(f)(θ(ω)) = ∇0(fθ(ω)◦θ)+f(dθ(ω)) = ∇0 ((f ◦ θ)ω)+(f ◦θ)(dω) = ∇1(f ◦θ)(ω).
Therefore,
(3.8.2) ∇θ1(f) ◦ θ = ∇1(f ◦ θ).
With these formulae at hand one computes the curvature of ∇θ0 as follows:
F θ(f)(b) = (∇θ0 ◦ ∇
θ
1)(f)(b) = ∇0
(
∇θ1 (f) b ◦ θ
)
−∇θ1(f)(db)
= ∇0
(
∇θ1(f)b ◦ θ
)
−∇0(fdb ◦ θ)
= ∇0
(
∇θ1(fb) ◦ θ
)
+∇0(fdb ◦ θ)−∇0(fdb ◦ θ)
= ∇0 (∇1 (fb ◦ θ)) = F (fb ◦ θ).
The second equality follows by the definition of ∇θ0 in 2.11, the third equality is a
consequence of (3.8.1). Since ∇θ1 arises from the hom-connection ∇
θ
0, it satisfies the
Leibniz rule in Lemma 3.2. This yields the fourth equality. The penultimate equality
follows by (3.8.2). This proves the first assertion of the proposition. The second
assertion is immediate. ⊔⊓
3.9. A differential graded algebra ΩA is said to be semi-free if Ωn+1A = ΩnA⊗AΩ
1A,
for all n ≥ 1. As revealed in [15], there is a bijective correspondence between semi-free
differential graded algebras over A and A-corings with a group-like element. Starting
with an A-coring C [16] with coproduct ∆ : C → C⊗AC, counit ε : C → A and a group-
like element x ∈ C, the associated differential graded algebra ΩAC,x is determined from
Ω1AC,x := ker ε, with the differential
da = x⊗Aa− a⊗Ax, dc = x⊗Ac−∆(c) + c⊗Ax,
for all a ∈ A, c ∈ ker ε.
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Let j : ker ε → C be the inclusion map. Take a right A-module M . Since C ≃
A⊕ ker ε (cf. [4, 28.14]), the formula, for any f ∈ HomA(C,M),
ϕ(f) = ∇0(f ◦ j) + f(x),
establishes a bijective correspondence between k-linear maps ϕ : HomA(C,M) → M
and ∇0 : HomA(Ω
1AC,x,M) → M . Under this correspondence, (M,∇0) is a hom-
connection if and only if ϕ is a right A-module map rendering commutative the fol-
lowing diagram
HomA(A,M)
HomA(ε,M)
//
≃
&&M
MM
MM
MM
MM
MM
HomA(C,M)
ϕ
xxqq
qq
qq
qq
qq
q
M.
The hom-connection (M,∇0) is flat if and only if also the following diagram
HomA(C,HomA(C,M))
HomA(C,ϕ)
//
≃

HomA(C,M)
ϕ

HomA(C⊗AC,M)
HomA(∆,M)
// HomA(C,M)
ϕ
// M,
commutes. These two conditions mean that (M,ϕ) is a contramodule for C; see
[11, Section III.5], [14]. Therefore, flat hom-connections with respect to a semi-free
differential graded algebra are in bijective correspondence with contramodules of the
associated coring.
The first order calculus ΩA1
C,x is inner if and only if C is cosplit coring, i.e. if and
only if there exists an element ι ∈ C such that, for all a ∈ A, aι = ιa and ε(ι) = 1.
The generating one-form is Ξ = ι− x. The hom-connection defined in Example 2.5 is
flat provided ι is a group-like element.
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